Abstract: By considering probabilistic quasi-(pseudo-)metric spaces, we introduce and study the concept of probabilistic Hausdorff quasi-(pseudo-)metric metric that extend the corresponding notions of probabilistic Hausdorff metric. Finally completeness property of this notion are explored.
Introduction
Throughout this paper for a topological space (X,T); we mean by P 0 (X) the collection of non-empty subsets. If A is a subset of X, we will denote by cl T (A), the closure of A in X.
The concept of a probabilistic metric spaces is a generalization of that of a metric spaces. The origin of the theory dates back to a paper published by K. Menger in 1942 [7] in which the distance d(x, y) between two point x, y was replaced by a real function F xy whose value F xy (t), for any positive real t, is interpreted as the probability that the distance between x and y is less than or equal to t. The study of these spaces was performed extensively by B.Schweizer and A.Sklar ( [9] ).
In 1968 R.J. Egbert [3] extended the classical Hausdorff distance to the probabilistic setting and introduced the notion of probabilistic Hausdorff distance in Menger space, soon Tardiff [10] enlarged this notion to the case of general probabilistic metric spaces (see also [9] ). Thereafter, many works have for object the examination of the conditions under which the completeness property possessed by the probabilistic metric can be preserved by its hyperspaces. In the sequel to such developments, we introduce and study the notion of the probabilistic Hausdorff quasi-metric of a given probabilistic quasi-metric space that generalize the corresponding notion of the probabilistic Hausdorff metric.
Terms and undefined concepts about quasi-uniform spaces and quasi-pseudometric spaces may be found in [4] and [5] Recall that a quasi-pseudo-metric on a nonempty set X is a nonnegative real valued function defined on X × X such that for all x, y, z ∈ X we have i.
If d satisfies conditions (i) and (ii) above but we allow d(x, y) = +∞, then d is said to be an extended quasi-pseudo-metric on X. If d is quasi-pseudo-metric such that:
iii. d(x, y) = 0 if and only if x = y. Then, d it said to be a quasi-metric on X.
For a given quasi-(pseudo-)metric space (X,d), the function d −1 defined on X × X by d −1 (x, y) = d(y, x) for all x, y ∈ X, is also a quasi-(pseudo-)metric on X called the conjugate quasi-(pseudo-)metric of d, and the function d s defined on X × X by d s = max{d(x; y), d −1 (x, y)} for all x, y ∈ X is a (pseudo-)metric on X.
Each extended quasi-pseudo-metric d on X generates a topology T d on X which has as a base the family of d-balls {B d (x, r) : x ∈ X, r > 0}, where B d (x, r) = {y ∈ X : d(x, y) < r}.Aiso, d induces a quasi-uniformity U (d) on X which has as a base the family {U n : n ∈ IN}, where U n = {(x, y) ∈ X × X :
A topological space (X, T) is said to be quasi-pseudo-metrizable if there is a quasi-(pseudo-)metric d on X such that T = T d . Let (X,d) be an extended quasi-pseudo-metric space, for each A, B ∈ P 0 (X) define
where
Then, (see for instance [8] ),
Probabilistic Quasi-Metric Space
Recall ( [9] ) that a non-negative real function f defined on IR + ∪{+∞} is known as a distance distribution function (briefly, a d. 
According to ( [9] ) A commutative, associative and nondecreasing mapping τ :
for any family {F i : i ∈ I} of ∆ + and any G ∈ ∆ + .
Definition 2. ([2])
A probabilistic quasi-pseudo-metric space (briefly, PqpM space) is a triple (M ,F ,τ ) where M is a nonempty set, F is a function from M ×M into ∆ + , τ is a triangle function and for all p, q, r ∈ M the following conditions are satisfied: If (M, F, τ ) is a PqpM space and G : X × X → ∆ + is defined by:
Let (M, F, τ ) be a PqpM space (see [2] ). If τ is continuous, the collection {N x (t) : x ∈ M, t > 0} union ∅ form a base for a topology on M , where N x (t) = {y ∈ M : F xy (t) > 1 − t}. The topology determined in this way by F will be denoted by T F . Similarly the conjugate G of F determined a topology T G . The family U (F ) = {U t : t > 0} form a basis of a quasi-uniform structure on M where U t is defined by U t = {(x, y) ∈ M ; F xy (t) > 1 − t}. Moreover, the conjugate quasi-uniformity U (F ) −1 coincides with U (G) and it is compatible with T G . the proof of the following lemma is easy to reproduce so it is omitted. 
Probabilistic Hausdorff Quasi-Metric
In the sequel, when we speak about a PqpM space (M, F, τ ), we always assume that τ is continuous. In this section we introduce and discuss the notion of the probabilistic Hausdorff quasi-(pseudo-)metric for a given probabilistic quasi-(pseudo-)metric space on the sets P 0 (M ) and P cl∩ (M ) where P cl∩ (M ) is defined as in Section 1
We begin by recalling the concept of the probabilistic Hausdorff distance and some knowing results. Let (M, F, τ ) be a PM space. Given p ∈ M , B ∈ P 0 (M ). "The probabilistic distance" form p to B is defined as
Given A, B ∈ P 0 (M ) and defined
The probabilistic Hausdorff distance between A and B is the d.d.f:
Note that since M is a PM space we have H In the following lemmas we collect some properties which will be needed frequently.
n , so by letting n → +∞ we obtain F xA (t) = 1. Next, suppose that F xA = H. Let t > 0, since sup a∈A F xa (t) = 1 there exist y ∈ A such that
. Let p ∈ A and 0 < s < t then by (i) F pB (s) = 1, so inf 
B). Likewise we show (iii).
A slight modification of the proof of Theorem 4.13 of [10] , permits us to show the following result.
Now from the above lemmas we deduce the following result.
Theorem 9. Let (M, F, τ ) be PqpM space such that that τ is supcontinuous then
Proof. i. from Lemma 7, Lemma 8 and the definition of
ii. suppose that (M ,F ,τ ) is a PqM space and let G be the conjugate of F , since
and by Lemma 7 (ii) we have
Then we conclude that (P cl∩ (M ),H F ,τ ) is PqM space.
Properties of the Probabilistic Hausdorff Quasi-Metric
Let (X, U ) be a quasi-uniform space, for a subsets A of X and U ∈ U define :
and
Then, (see for instance [6] ), {U : U ∈ U } form a base for a quasi-uniformity U on P 0 (X), {U : U ∈ U } form a base for quasi-uniformity U on P 0 (X) and {U ∼ : U ∈ U } form a base for a quasi-uniformity U ∼ on P 0 (X) called the Bourbaki (or Hausdorff) quasi-uniformity induced by U on P 0 (X).
Remark 10. Let (X, d) be quasi-pseudo-metric space.Then
is right K-sequentially complete if and only if (X, d) is right K-sequentially complete (see [6] , [8] ).
Theorem 11. Let (M, F, τ ) be a PqpM space. If there is a quasi-pseudo
Proof. Let (M, F, τ ) be a PqpM space and suppose that there is a quasipseudo metric d such that U (F ) = U (d) then from Remark 10 (1) we have
To this end we need to show that Proof. The proof of (i) follows immediately from Theorem 9,Theorem 11, Lemma 5 and Remark 10 (2). Next, Let (M, F, τ ) the given PqM space and G the conjugate of F . Suppose That (P cl∩ (M ), H F , τ ) is right K-sequentially complete and let (x n ) n∈IN be a right K-Cauchy sequence in (M, F, τ ). At first observe that for each n ∈ IN {x n } = cl T F {x n } ∩ cl T G {x n }. We can easily verify that (C n ) n∈IN is a right K-Cauchy sequence in P cl∩ (M ) where C n = {x n } for each n ∈ IN. Since (P cl∩ (M ), H F , τ ) is right K-sequentially complete, there exists C such that C n → C. it is easy to claim that (x n ) n∈IN converge to every x ∈ C . Hence we deduce (M, F, τ ) is right K-sequentially complete. Conversely, assume that (M, F, τ ) is right K-sequentially complete. Let (C n ) n∈IN be a right K-Cauchy sequence in P cl∩ (M ), then from (i) and since P cl∩ (M ) ⊂ P 0 (M ) there exists C ∈ P 0 (M ) such that (C n ) n∈IN converge to C. We will claim that (C n ) n∈IN converge to cl T F (C) in P cl∩ (M ) with respect to T H F . At first observe that (C n ) n∈IN converge to cl T F (C) with respect to T H + F since C ⊂ cl T F (C). Next, Let t > 0 such that U t ⊆ U (F ), x ∈ cl T F (C) and 0 < s < t, then there exists c ∈ C such that x ∈ U −1 s (c) and since C n → C there is n 0 ∈ IN such that C ⊆ U −1 s (C n ) whenever n ≥ n 0 . hence for each n ≥ n 0 we have x ∈ . Since cl T F (C) ∈ P cl∩ (M ) we conclude that (P cl∩ (M ), H F , τ ) is right K-sequentially complete.
